The spin connection of twisted geometry 
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Twisted geometry is a piecewise-flat geometry less rigid than Regge geometry. In Loop Gravity, it 
provides the classical limit for each step of the truncation utilized in the definition of the quantum 
theory. We define the torsionless spin-connection of a twisted geometry. The difficulty given by 
the discontinuity of the triad is addressed by interpolating between triads. The curvature of the 
resulting spin connection reduces to the Regge curvature in the case of a Regge geometry. 



I. INTRODUCTION 

Twisted geometry [IH1] is a discrete (piecewise-flat) 
geometry found in loop gravity. Here we define and com- 
pute the torsionless spin connection of a twisted geome- 
try. 

In loop gravity, the quantities determining the 3d ge- 
ometry of physical space are non-commuting quantum 
operators 5 ( 6J, therefore a quantum geometry is never 
a classical geometry (discrete, twisted, polymeric or oth- 
erwise): no more than a quantum particle with spin is a 
classical rotating sphere. But the notion of twisted geom- 
etry is nevertheless a powerful tool, because it provides 
the classical limit for each step in the truncation utilized 
in the definition of the quantum theory 018]. It is there- 
fore similar to the picture of the states of a quantum field 
theory as configurations of n classical particles. 

The basic operators of the loop theory are the flux op- 
erators, which define the 3d geometry, and the holonomy 
operators, which define an SU (2) connection on the same 
3d space [5HTT]. Since the two are independent, the con- 
nection in general has torsion, as is the case in the con- 
tinuous (Ashtekar-Barbero) Hamiltonian theory: SU (2)- 
conncction degrees of freedom are independent from the 
3d-metric degrees of freedom. The mismatch between 
this connection and the spin connection determined by 
the intrinsic geometry (namely, by definition, the tor- 
sion) codes the information about the extrinsic curva- 
ture, which is the canonical variable conjugate to the 
intrinsic 3-geometry. 

In the continuum theory, the SU(2) connection A is 
neatly formed by two parts: A = T + jK, where 7 is the 
Barbero-Immirzi parameter, K the extrinsic curvature 
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and r = r(e) is the spin connection determined by the 
triad e via the first Cartan structure equation, namely 
the condition of vanishing torsion. As pointed out in 
[1], the same decomposition is not easily achieved in the 
discrete setting, because the Cartan equation does not 
make sense on the boundary between piecewise-flat cells. 
Therefore a twisted geometry is a generalization of a 3d 
metric space for which a notion of spin connection has 
not yet been given. This has made the separation of the 
part of the connection that codes the extrinsic curvature 
from the part that doesn't problematic. In this paper, we 
fill this gap, providing a definition of T(e) that remains 
meaningful in twisted geometry. 



II. DEFINITION OF THE CONNECTION 

By a twisted geometry we mean: an oriented 3d sim- 
plicial complex (a triangulation) T, equipped with a flat 
metric on each 3-simplex (which makes it a flat tetrahe- 
dron) , along with the condition that for any two tetrahc- 
dra sharing a face the area of the face is the same whether 
it is computed from the metric on one side or the other 
(FIG. 1). If in addition we require the length of the 
edges to be the same, we have a Regge geometry. If not, 
we have a non-Regge twisted geometry. 1 




FIG. 1: In a twisted geometry two adjacent triangles have the 
same area and the same normal, but the angles and the edge 
lengths can differ. The two triangles can be identified, at the 
price of a discontinuity of the metric across the triangle. 



This definition is slightly stronger than the one emerging from 
the classical limit of loop quantum gravity, since it fixes the full 
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In general, the metric is discontinuous across a triangle 
t. Therefore there are two distinct flat metrics induced 
on the same face: one from the left tetrahedron and one 
from the right tetrahedron. The twisting of the geometry 
measures the difference between these two metrics. Since 
a 2d flat metric is determined by three numbers, and, by 
definition, the two metrics define the same area, there 
are two twisting parameters. 

Let us setup a coordinate system (x, y, z) covering the 
two tetrahedra bounding a triangle face r. It is con- 
venient to choose these coordinates so that the triangle 
r is at z = 0. Without loss of generality, we can always 
choose the coordinate system and the triad in such a way 
that the triad is cartesian, namely e l — dx l , on the left 
tetrahedron. Then the discontinuity of the metric implies 
that the triad on the right hand side tetrahedron can be 
chosen to have the constant form 

e 1 = e l x dx + e y dy 7 e 2 = e\dx + e y dy, e 3 = dz, (1) 

The condition that the area is the same from both sides 
gives det e = 1. Therefore the matrix 

/ 4 4 o \ 

e = {e\}= [el (2) 
V l) 

is in SX(3,R), or, more specifically it is in the SX(2,K.) 
upper block diagonal subgroup of SL(3, R). 

The geometrical interpretation of these groups is 
straightforward: e is the linear transformation that sends 
a cartesian triangle with the dimensions given by the left 
metric into the cartesian triangle with the dimensions 
given by the right. In other words, e is the linear trans- 
formation that makes the two triangles of FIG. 1 match. 
Since the triangle is two dimensional, this linear transfor- 
mation can always be chosen in the SX(2,R) subgroup. 

On a Riemannian space, once we choose a triad field e l , 
then the torsionless Cartan spin connection is the unique 
solution of the first Cartan structure equation 

de l + e l 3k ^ A e fc = 0. (3) 

On a twisted geometry this definition does not make 
sense, because of the discontinuity of the triad on the 
triangles that makes de l ill defined. To define the con- 
nection on the twisted geometry, we therefore extend this 
equation "across" the triangle, where e l is a discontinu- 
ous field. 

For this purpose, let us "thicken" the triangle, in order 
to smooth-out the discontinuity, replacing the triangle r 



triangulation and not just its dual graph. Also, the definition 
given here refers only to the intrinsic geometry. The full defi- 
nition of the twisted geometry that appears in quantum gravity 
includes also the extrinsic curvature, which plays no role here. 
Finally, for simplicity we restrict our attention to triangulations, 
but the results presented extend to generic cellular decomposi- 
tions (and therefore to polyhedra other than tetrahedra). 



by a foliated 3d region r x [0, A] where z £ [0, A]. Now, 
we can interpolate the triad by e(z), such that e(0) = 11 
and e(A) = e. The (finite) holonomy of the connection 
across the face, U (e), can be defined as the A — > limit of 
the holonomy of the spin connection of e(z), which is cal- 
culated across the thickened triangle. There is a highly 
nontrivial condition on the interpolating triad: the re- 
sulting holonomy must transform as an holonomy under 
a change of frame on either tetrahedron. That is, 

C/(A s eA t - x ) = A s C/(e)A t " 1 (4) 

for any A s , A t £ SO(3). An interpolating triad that sat- 
isfies this condition can be obtained starting from the 
polar decomposition of e 

e = e A e s (5) 

where A is antisymmetric and S is symmetric, by writing 

e{z) = e zA e zS . (6) 

This defines a continuous triad joining the two tetrahe- 
dra, differentiable in (0,A). We can now compute the 
spin connection of the interpolating region, and take the 
limit A — > 0. This defines a torsionless spin connection 
on the twisted geometry. 

FIG. 2: We "thicken" the tri- 
angle in order to smooth-out 
the discontinuity. The path 7 
goes from one tetrahedron to 
the other through the thick- 
ened region. 

Let us compute this connection explicitly. From the 
last equation, we have 

de l = (A + e^Se-^Yj dz A e> . (7) 

Using this in the Cartan equation (and lowering an index) 
we have 

(A + e zA Se- zA ) i:i dz A e 3 = -e ijk uj j A e fc . (8) 

One can check that the solution of this equation is given 
by 

w* = B l j e 3 (9) 

where 

B i. = ^l( A + e zA Se - Z A )jke z + l _ e kUn Akie Z m ^ (1Q) 

where ef is a matrix element of the inverse triad. 

What is relevant for us is, of course, only the holonomy 
of this connection across the thickened region. Consider 
a path crossing this region at constant x and y. The 
holonomy of uj 1 across the region is given by 

U = Ve~^ u =Ve-tf" (d * )dz . (11) 
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Observe now that since e(z) € SX(2,R) C 5L(3,IR) it where V is the volume of the tetrahedron, given by 
follows that (A + e zA Se~ zA ) is upper block diagonal and 
so is B, and therefore lu z is determined just by the second 
term in (flO|. Explicitly, 



V 



3! 



(vi x v 2 ) • v 3 



(m x n 2 ) • n 3 . (20) 



So that 



U = exp A 



(12) 



(13) 



that is, the holonomy is precisely the orthogonal matrix 
in the polar decomposition of e. For the explicit form of 
the polar decomposition, we have then 



[/(e) = e{e T e)- 1 ' 2 



(14) 



where e T is the transpose of e. Since U(e) is indepen- 
dent from the size of the interpolating region, taking the 
limit A — » is immediate. The resulting distributional 
torsionless spin connection is concentrated on the face 
t : (ct^ct 2 ) H> x a (a) and is given by 



T = -Adr 



(15) 



where the distributional one-form of the triangle is de- 
fined by 

f dx^ dx c 
dr a (x) = / d 2 a — r — T e abc 6(x - x(a)). (16) 

J T OCT 1 OCT'' 

It is easy to verify that Q is satisfied. 



III. CONNECTION AS A FUNCTION OF THE 
NORMALS 

In this section we compute the connection U in terms 
of the normals to the faces of the tetrahedra, which are 
the basic variables defining the twisted geometry in loop 
gravity. Let e be a triad in the right tetrahedron and e 
the one in the left tetrahedron, in the same coordinate 
system. The interpolating map is given by the SL(2,M.) 
block diagonal matrix 



s = ee 1 



(17) 



and the holonomy is U(s). Consider a tetrahedron de- 
fined by the triple of vectors v a 6 R 3 ,a — 1,2,3. The 
normals to the faces defined by two of these vectors, nor- 
malized to the area of the face, is given by 



1 

ni = - v 2 x v 3 , 



(18) 



and so on cyclically. These equations can be inverted, 
giving the vectors as functions of the normals: 



Say we are interested in the face / defined by the vec- 
tors Vi and V2, or equivalently by the normal n 3 . It is 
convenient 2 to use the linear but non-orthogonal coordi- 
nates adapted to the face, determined by the triple u a = 
(vi,v 2 ,n 3 ), where n 3 = n 3 /|n 3 |. That is, we use coordi- 
nates x a — (x, y, z) defined by x = x vi + y v 2 + z n 3 . It 
is immediate to see that in these coordinates the metric 
of the tetrahedron is given by 



(21) 



Notice that |vi| 2 |v 2 | 2 - (vi • v 2 ) 2 = (2,4) 2 (so that 
det g = 4 A 2 ) . Without loss of generality, we can orient 
the cartesian frame (in both the left and right tetrahedra) 
so that 



|vi| 2 v r v 2 






(° 


b 




V1-V2 |v 2 | 2 


i) 
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i) 
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vi = (a, 0,0) 
v 2 = (&,c,0) 
n 3 = (0,0,1) 



where 



a = |vi|, b = 



V1-V2 

Ivil : 



V|Vl| 2 |v 2 | 2 -(vrV 2 )2 



(22) 
(23) 
(24) 

(25) 
(26) 



Now, observe that a triad for this metric is precisely 

e* = v\dx + v\dy + h\dz, (27) 

that is, 



{e\} 




(28) 



The left triad e is given by by the same expression for the 
left tetrahedron, which we indicate here by tilded quan- 
tities. Therefore the SL(3,M) matrix s that transforms 
the left triangle into the right one is 

/ a/a 0\ 

s = {e'aii^fj} = {b~c-cb)/~a£ c/c (29) 
V lj 

The orthogonal part of the polar decomposition of this 
matrix is, with some algebra, a rotation in the xy plane 
with angle determined by 



cos(0) = (ca + ac) /Vd, sin(6») = (be - cb) /Vd 

-2(2 . j2\ i „2/~2 



(30) 

D = c 2 {a z + b l ) + c\a l + b 2 ) + 2cc(ad - bb). 



Vl = — n 2 x n 3 , 



(19) 



Notwithstanding the dimension mismatch. 
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The holonomy U is a rotation in the plane of the face 
by this angle, where a, b, c, a, b and c are given explicitly 
above in terms of the normals. Finally, the torsionless 
spin connection is 

r = 0e(n 3 ) dr. (31) 

This gives the torsionless connection explicitly in terms 
of the normals rij, which are the independent variables 
in the loop-gravity twisted-geometry framework. 



IV. CURVATURE 

Let Ui be the holonomy of the connection T around a 
circle that surrounds a bone I, namely the product of the 
f/'s for each tetrahedron meeting at the bone I. Recall 
that the Regge deficit angle Si of a bone I is defined as 
Si = 2tt — J2i @i where Oi are the dihedral angles at I of 
the (d — l)-simplices in the link of I. The following holds: 

Proposition: If the twisted geometry is Regge, then Ui 
is a rotation around the axis e*(Z), by an angle equal to 
the Regge deficit angle. 

To show this, note that the holonomy Ui can always 
be decomposed into a product of contributions from each 
tetrahedron meeting at /. In turn, the tetrahedral con- 
tributions can be further decomposed into a product of 
two pieces: the holonomy coming from crossing the ini- 
tial triangle Tj upon entering the tetrahedron, U Ti , and 
the holonomy arising from changing frames within the 
tetrahedron cr^ in order to adapt to the triangle through 
which the path leaves the tetrahedron, U ai , thus, 

U l = U an U Tn _ 1 ---U ai U Tl . (32) 

When the geometry is Regge the triangles all have match- 
ing shapes and each of the contributions U Ti are the iden- 
tity. Meanwhile, the changes of frame within each tetra- 
hedron bring the initial triangle's inward normal into the 
final triangle's outward normal and this is just a rota- 
tion about the bone by the dihedral angle, 0j. Thus the 
transport around the loop, Ui, amounts to rotating the 
orginal frame by Si just as in Regge calculus. 

Put more simply, the point is that for a Regge geom- 
etry the spin connection defined here simply agrees with 
the spin connection which is defined directly by the fact 
that there is a flat metric without discontinuities around 
the bone. This characterization of a Regge geometry is 
explicit when that geometry is viewed as arising by re- 
moving the (d — 2)-skeleton of a triangulation from a 
d-dimensional manifold M. [T2"] . 

The proposition shows that in the Regge case the con- 
nection defined agrees with the standard torsionless Car- 
tan connection. It is the discrete analog of the relation 
between the curvature of w(e) and the Riemann curva- 
ture: if the connection satisfies the Cartan equation, then 
its curvature F iJ = dui^ +w l fc Aw is related to the Rie- 
mann tensor of the Riemannian manifold defined by the 



metric g ab = e a ie l b by 

F ij [cj(e)] = X -e c e jd R c d ab[g(e)} dx a A dx b . (33) 

In the general twisted case, the curvature may not be of 
the characteristic Regge form 

Rabcd ~ e Se "» 1 ' e cdf l s . (34) 

where I is the bone on which the curvature is concen- 
trated. In fact, investigating the general form of the 
curvature tensor arising from the connection presented 
here may give insights into the type of generalization that 
twisted geometries provide. For example, it may be pos- 
sible to characterize what Petrov classes are possible in 
a twisted geometry and to see if they are more general 
than the single class that Regge geometry captures. 

V. CLOSING CONSIDERATIONS 

We have defined a connection T in the context of 
twisted geometry. This is determined by the normals to 
the triangles of the tetrahedra. It reduces to the standard 
spin-connection in the Regge case, where its curvature 
gives the Regge deficit angle. 

The result reinforces the twisted geometry construc- 
tion, and its interpretation as a classical limit of a trun- 
cation of quantum gravity. 

The construction should also contribute to dispelling 
two possible sources of confusion. The first is the idea 
that the twisting might code torsion. It does not, since a 
torsionless connection can be defined in the presence of 
twisting. The key point is that twisting is a purely metric 
notion: it refers to discontinuities in the metric, and it is 
determined by the property of the metric space defined 
by the discrete geometry. Torsion, on the other hand, is 
not a purely metric notion: a metric does not define tor- 
sion. It is only the existence of a connection independent 
from the metric that can determine a torsion. There- 
fore twisting cannot define torsion. The idea of relating 
twisting and torsion, although intuitively attractive, is 
misled. 

The second confusion is the idea that twisting needs 
to be suppressed in order to recover the classical limit of 
general relativity. A twisted geometry is a generalization 
of a Regge geometry. It is a discretization of a metric 
space that is distinct and no less honorable than Regge 
geometry. 

The conditions under which a twisted geometry re- 
duces to the Regge case have been studied [131 Q3] • At- 
tempts to relate these to the vanishing of the torsion of 
the four-dimensional spin connection, and therefore to 
the simplicity constraints of general relativity have been 
explored [TH [TS]. But twisting appears in the classi- 
cal limit of the standard time-gauge Hamiltonian theory, 
where there are no residual simplicity constraints to deal 
with. Therefore there is no reason for the simplicity con- 
straints to suppress twisting. Of course, one can assume 
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that the classical limit of discrete general relativity must 
be Regge geometry, but the results presented here put 
into question the need for this assumption. In particu- 
lar, there is no clash between the existence of twisting 
and the possibility of defining the discrete version of the 
first Cartan equation. 

Twisted geometry is a bona fide discretization of 3d 
geometry. 
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